Abstract. When a Hamiltonian system has a \Kinetic + Potential" structure, the resulting ow is locally a geodesic ow. But there may be singularities of the geodesic structure, so the local structure does not always imply that the ow is globally a geodesic ow. In order for a ow to be a geodesic ow, the underlying manifold must have the structure of a unit tangent bundle. We develop homological conditions for a manifold to have such a structure.
Introduction
Geodesic ows are always Hamiltonian. That is, given a Riemannian manifold M, the metric G can be considered as a function either on the tangent bundle or the cotangent bundle T M. The cotangent bundle has a natural symplectic structure and so the function G considered as a Hamiltonian de nes a Hamiltonian ow on T M. This ow is the same as the geodesic ow de ned by the metric G when it is transfered to the cotangent bundle 1].
In this paper we begin the study of the inverse problem 10] and ask when is a Hamiltonian ow a geodesic ow, or more generally a reparameterization of a geodesic ow. There are important classical results along these lines.
A collection of holonomic constraints on a mechanical system de nes a con guration manifold M as a submanifold of some Euclidean space and hence M inherits a Riemannian structure. In the absence of any external forces the mechanical systems evolves by the geodesic ow on M 30] . (A pea sliding on a surface without friction and under no external forces moves along a geodesic of the surface.) The ow of a classical mechanical system is locally a reparameterization of a geodesic ow. If the system has su cient energy, its ow is globally a geodesic ow. A classical mechanical system has a Hamiltonian of the form H = K + V where V : M ! R is a smooth potential function on the con guration manifold M and K is the kinetic energy. K can be considered as a Riemannian metric on M, and H as a Hamiltonian on the symplectic manifold T M. The Jacobi metric is G = (h ? V ) ?1 K, with h a constant. It is a well de ned metric at those points of M where V < h. The geodesic ow on G = 1 is a reparameterization of the Hamiltonian ow on H = h 1, 30] . (The ow of the spherical pendulum on an energy level su ciently high that the bob can go over the top is a reparameterization of a geodesic ow on the unit sphere bundles of the 2-sphere.) Belbruno and Osipov 3, 4, 26] showed that the ow of the Kepler problem in R n on an energy level E is a equivalent to a reparameterization of the geodesic ow on the unit tangent bundle of a manifold of constant curvature ?E with one point removed.
Their theorem extends the work of Conley and Moser 24] who showed that the ow of the Kepler problem with negative energy is equivalent to the geodesic ow on the unit tangent bundle of the n-sphere with the north pole removed. Also see the Milnor's survey article 23]. In 17] we gave some homological necessary conditions for a ow to admit a cross section. In this paper we shall in a similar manner give some necessary homological conditions for the ow to be a reparameterization of geodesic ow. Our necessary conditions follow from the simple observation that such a ow lives on the unit tangent bundle of the base manifold, and this in turn places natural restrictions on the homology. Henceforth, a geodesic ow shall mean a geodesic ow or a reparameterization thereof. As illustrative examples we will consider in x 3 three problems: a particle moving in a potential well; the double spherical pendulum; and a special case of the Kovalevskaya top. In these examples, we typically nd that either there is enough energy for the system to be geodesic with respect to the Jacobi metric, or our criteria show that the ow on the energy level is not a geodesic ow.
In a series of papers 16, 17, 18, 19] we have computed the homology of the integral manifolds of the various versions of the three-body and N-body problem. In x 4, we apply our geodesic criteria to the reduced integral manifolds. We nd that the ows on the reduced integral manifolds are almost never geodesic ows. That is, in all cases except that of zero angular momentum and positive energy, the integral manifolds of the planar N-body problem and of the spatial 3-body problem are not geodesic ows. In x 5, we show that the ow of the planar N-body problem is a geodesic ow for zero angular momentum and positive energy.
Necessary Conditions
Given an odd-dimensional manifold P with a ow, a necessary condition for the ow to be a geodesic ow is that the underlying manifold P must be a unit tangent bundle. That is, if dim(P ) = 2n ? 1, there must be an n-dimensional manifold M such that P is the unit tangent bundle T 0 M of n-manifold M. If P is the unit tangent bundle of some manifold, this will put restrictions on the homology of P, which can be viewed as necessary conditions for P to admit a geodesic ow. We formulate and apply these conditions in this section, and give their proofs in Section 6.
Unless otherwise indicated, H (P ) will denote the homology of P with integer coe cients. When the homology groups H k (P ) are nitely generated, they have a unique decomposition H k (P ) = F k (P ) T k (P ) where F k (P ) is torsion-free and T k (P ) is a nite group. As a free group, F k (P ) = Z k , where k (sometimes written k (P ) for emphasis) is known as the kth Betti number of P. The Betti numbers k (P ) and the torsion groups T k (P ) will provide the necessary information about P.
There will be various cases to consider, depending on whether or not the base manifold is compact or non-compact, and whether it is orientable or non-orientable. Before generating necessary conditions for each, we need to be able to distinguish these four cases, using only information from the the space P and its homology. The rst result shows that this is possible. With only one possible ambiguity, we can distinguish each possible combination of orientability and compactness from the homology of P. Theorem 2.1. Suppose P is a connected manifold of dimension 2n ? 1. Then the following are necessary conditions for P to be the unit tangent bundle T 0 M of an n-manifold M:
If M is compact and orientable, then 2n?1 (P ) = 1 and T n?1 (P ) is cyclic or trivial. If M is compact and non-orientable, then 2n?1 (P ) = 1 and T n?1 (P ) has order 4. If M is non-compact and orientable, then 2n?1 (P ) = 0 and T n?1 (P ) is trivial. If M is non-compact and non-orientable, then 2n?1 (P ) = 0 and T n?1 (P ) has order 2. Moreover, in all cases, P must be orientable as a manifold and H 2n?1 (P ) and H 2n?2 (P ) must be torsion-free.
Note that the four cases are distinct, except when P is compact with 2n?1 (P ) = 1 and T n?1 (P ) = Z 4 . In that exceptional case, the orientability of the base manifold M cannot be determined. When the orientability of the base manifold can be guaranteed (i.e. when P is compact and T n?1 (P ) 6 = Z 4 , or when P is non-compact and T n?1 (P ) = 0), there are additional necessary conditions that can be applied. If the orientability of the base manifold cannot be guaranteed, then the conditions that follow are not valid. Analogous necessary conditions can be formulated in the non-orientable case by using homology with Z 2 coe cients. However, since most naturally occuring examples are orientable, we will simplify the presentation and describe only the orientable case here. Theorem 2.2. Suppose P is a connected orientable non-compact manifold of dimension 2n ? 1, with T k (P ) = 0 for k = n ? 1; 2n ? 2 and 2n ? 1. Then necessary conditions for P to be the unit tangent bundle of some orientable n-manifold M are:
1. 0 (P ) = 1; 2. 2n?1 (P ) = 0;
3. k (P ) = k+n?1 (P ) for all 1 k n ? 2; and 4. n?1 (P ) = 2n?2 (P ) + 1.
In particular, there is one Betti number that must be non-zero:
Corollary 2.1. If P is a non-compact connected orientable manifold of dimension 2n ? 1, a necessary condition for P to be the unit tangent bundle of some orientable n-manifold M is n?1 (P ) 6 = 0.
When P is compact, the situation is rather di erent. Corollary 2.1 no longer holds, but there are other, stronger conditions that do apply. To simplify the formulation of the general result, the low-dimensional case n = 2 will be considered separately in Theorem 3.1. Theorem 2.3. If P is a compact connected orientable manifold of dimension 2n ? 1 with n > 2 and T n?1 (P ) cyclic or trivial, then necessary conditions for P to be the unit tangent bundle of some orientable n-manifold M are:
1. 2n?1 (P ) = 1;
If T n?1 (P ) = 0, then
The last condition is easily computed, and will be the most important condition in applications. For emphasis, we reformulate the most important case: Corollary 2.2. If P is a compact, connected orientable manifold with of dimension 2n ? 1, n > 2, and T n?1 (P ) trivial, then a necessary condition for P to be the unit tangent bundle of some orientable n-manifold is
3. Illustrative Examples The results of Section 2, in particular Corollary 2.1 and Corollary 2.2 can be applied to several simple classical systems.
Particle in a potential well. Consider a classical Hamiltonian H = K(p) + V (q) where (q; p) 2 R n R n , n 2. Assume the kinetic energy K(p) is a positive de nite quadratic form in the momenta, p; that the potential energy V : R n ! R has a unique critical point at q = 0 which is a nondegenerate minimum, and that V ! 1 as kqk ! 1. , we can describe M(h) as a 3-sphere bundle over C(h), with the spheres collapsing to points on the zero velocity set @C(h).
From this description, we can detect the energy levels at which bifurcations in the manifolds M(h) occur, and can compute the homology of M(h) in each parameter interval. Clearly the topology of M(h) can only change when the topology of C(h) changes. As a sub-level set of the potential function, this can only occur at the bifurcation values of the potential function. The potential has four critical points with critical values -5 (both pendula down), -3 (long pendulum down, short pendulum up), +3 (long pendulum up, short pendulum down), and 5 (both pendula up). Thus, there are four distinct energy ranges for the structure of the manifold M(h). The Betti numbers of M(h) for each are listed in Table 1 .
Note that when h > 5 there are no restrictions on the con guration of the pendulum, and . In fact, ow is the geodesic ow of the Jacobi metric. In all the other cases, the torsion subgroup T 3 (M(h)) = 0, so Corollary 2.2 would require the identity j 0 ? 1 + 2 + 1 ? 6 j = 1 + 1 ? 4 : In all cases, 0 = 1 and 1 = 4 = 6 = 0, so the identity simpli es to j2 + 2 j = 1: Since 2 is non-negative, this equality is clearly never satis ed. Thus, for h < 5, the ow is not a geodesic ow.
Kovalevskaya top. In his classic paper, Iacob 12] classi es the integral manifolds of a Kovalevskaya top. This three degree of freedom problem has a symmetry and the integrals of energy and angular momentum. Fixing energy equal to h and the magnitude of angular momentum equal to p 6 = 0 de nes a four dimensional invariant subset of phase space I h;p . I h;p is invariant under SO 2 action that leaves the angular momentum integral xed. The quotient spaceĨ h;p = I h;p =SO 2 is in general a three dimensional manifold. A collection of curves (the bifurcation set) divide the h; p-parameter space into four open domains wherẽ I h;p is of constant topological type. The four types are S . This is the case where there is su cient energy for the Jacobi metric to be globally de ned, and the ow of the top is a geodesic ow. In the other three cases, the torsion group T 1 = 0, so if the space is to be the unit tangent bundle of a surface, that surface must be orientable. Theorem 3.1 below will show that There is a vast literature on the motion of a rigid body and many special cases have the same or similar types of integral manifolds { see for example 9, 13, 25] and the references therein.
Theorem 3.1. If P is a compact connected orientable 3-manifold, then for P to be the unit tangent bundle of an orientable surface, the homology of P must either be that of the three-dimensional torus, H k (P ) = The proof is given in x 6.3. Note that the theorem shows that there is only one compact 3-manifold with torsion-free homology which can be the unit tangent bundle of an orientable surface: the 3-torus, which is the unit tangent bundle of the 2-torus.
4. Geodesic Flows in the N-Body Problem The N-body problem refers to the motion of N point masses under their mutual gravitational attraction. When the masses move in R 3 , the problem is referred to as the spatial N-body problem; when they are all restricted to a single plane, it is known as the planar N-body problem. In the N-body problem, the integral manifolds are the level sets of center of mass, linear momentum, angular momentumc and energy h. We denote the integral manifolds for the planar problem by m(c; h) and the integral manifolds for the spatial problem by M(c; h) (where c = jcj). The topology of these manifolds varies asc and h vary. When c 6 = 0, the topology of the integral manifolds depends only on the quantity = ?hc 2 . There are also rotational symmetries. In the planar problem, there is a natural SO 2 symmetry. In the spatial problem, the cases of zero and non-zero angular momentum are distinct. With non-zero angular momentum, the angular momentum vectorc creates a preferred direction, and the only symmetry is the SO 2 symmetry of rotations about the angular momentum vector. For zero angular momentum, there is a full SO 3 symmetry. In each case, the quotient space of the integral manifold is known as the reduced integral manifold, and represents the lowest-dimensional set on which the dynamics of the N-body problem is displayed. The reduced integral manifolds are denoted by M R (c; h) and m R (c; h), and have dimensions dim (m R (c; h)) = 4N ? 7 dim (M R (c; h)) = 6N ? 11 c 6 = 0 6N ? 13 c = 0
When the action is free, the reduced spaces are manifolds. The planar action is always free, as is the SO 2 action in the spatial problem with nonzero angular momentum. But in the spatial problem with zero angular momentum, those con gurations with all position and momentum vectors parallel have S 1 isotropy, while all other con gurations have trivial isotropy. The presence of two di erent isotropy groups means that the reduced space is not a manifold. We will exclude this case from consideration.
In all other cases, the reduced integral manifolds are all odd-dimensional manifolds, while the integral manifolds themselves are all even-dimensional. So it on the reduced manifolds that we might look for geodesic structures. Combining the topological and homological results of 6, 7, 16, 19] , with the results of this paper we can determine whether or not the N-body ow on the reduced integral manifolds is a geodesic ow in the following cases: (i) the planar N-body problem for all N, c and h, (ii) the spatial 3-body problem for nonzero c and all h, (iii) the spatial N-body problem with hc 2 positive. The two remaining cases are the spatial N body problem with N 4, negative energy and non-zero angular momentum and the spatial N body problem with zero angular momentum. In both cases, we conjecture that the integral manifolds do not admit a geodesic structure. But there is at present no topological or homological description of these manifolds suciently detailed to allow the question to be decided. In all of the other cases, the results are as follows: Theorem 4.1. In the planar N-body problem, the ow on the reduced integral manifold m R (c; h) is a geodesic ow if and only if c = 0 and h 0.
In the spatial N-body problem with non-negative energy and nonzero angular momentum, the ow on the reduced integral manifold M R (c; h) is not a geodesic ow.
In the spatial 3-body problem with h < 0 and c 6 = 0, the ow on the reduced integral We will analyze the various cases by considering the di erent combinations of angular momentum (zero vs. nonzero) and energy (negative vs. nonnegative) for both the spatial and planar problems.
Case c = 0; h 0: In the planar problem, the SO 2 action is free, and we shall show in Proposition 5.1 of the next section that the ow on m R (0; h) is a classical system. Since h 0 the Jacobi metric is globally de ned and so the ow is geodesic.
Case c = 0; h < 0: In the planar problem, Smale 27] showed that m R (0; h) = The equivariant momentum map J : T M ! g is given by < J(p q ); >=< p q ; M (q) > where M denotes the in nitesimal generator of on M. Noether's theorem asserts that J is an integral of the motion.
Let 2 g be a regular value, G = fg 2 G : g = g, Q = J ?1 ( )=G . In this situation the Meyer 20 ], Marsden-Weinstein 15] reduction theorem states: if the G action is free and proper then Q is a smooth symplectic manifold and the ow de ned by H drops naturally to a Hamiltonian ow on Q . However, in general Q is not a cotangent bundle and the reduced Hamiltonian is not the sum of kinetic energy plus potential energy. The next Proposition states that in case the momentum is zero however, the reduced space is always a cotangent bundle.
Proposition 5.1. Let = 0 be a regular value and let the G action on M be free and proper so that the quotient space M=G is a smooth manifold. Then Q 0 = J ?1 (0)=G is the cotangent bundle of M=G and the reduced Hamiltonian system is a sum of a kinetic energy and a potential term. That is, if = 0 the reduced system is a classical system. Remark: Since in this case the system is a classical system, the Jacobi metric is locally de ned on H = h. The Jacobi metric will be globally de ned provided M U ?1 ( (?1; h] ). Proof. There are several ways to prove this. The simplest observation is that when = 0 the amended potential is just the potential on the quotient space and from the equivariance everything drops down to the quotient space nicely | see the discussion in 14] for background.
For a direct approach, rst observe that, by the equivariance, G 0 = G. We will describe W q is tangent to the G-orbit at q, H q is the annihilator of W q , and V q is the K-orthogonal complement of H q . Thus, T q = H q V q . The key observation is that the horizontal space H q can be identi ed with the zero momentum level over q 2 M.
By the equivarance U is constant on G orbits and so we can de ne the reduced potential energy functionŨ : M=G ! R byŨ( q]) = U(q).
Since we have separated out the zero momentum level H q of the ber over q 2 M, we now can project along the orthogonal complement V q to get the reduced space. However, as noted above, the vertical space V q is tangent to the group orbits at every point. Therefore, we can identify This section develops the proofs of the results presented in x 2. To develop necessary conditions for a manifold to have the structure of a unit tangent bundle, we start with such a structure, and work out its homological consequences. To understand the homology of T 0 M, we will need to consider two features: compactness and orientability. M. This is equivalent to requiring that 1 (M) acts trivially on the homology of the ber H (S n?1 ).
To investigate the homology of manifolds, these two properties of compactness and orientability are fundamental. Of course, it is the combination of compactness and orientability that guarantees duality. More useful for our purposes are the following properties 8]: The Gysin sequence thus splits into the following sequences:
We can replace all of the groups H k (M) in these sequences, and obtain a set of relations between the various homology groups of T 0 M. We consider the cases when M is compact and noncompact separately. . In all other cases, multiplication by 2 ? 2g produces the torsion subgroup Z 2?2g in H 1 (T 0 S g ).
